Abstract. Let M be either S 2 ×S 2 or more generally, (2n−1) connected sums of S 2 × S 2 . We construct a simply-connected minimal symplectic 4-manifold that is homeomorphic but not diffeomorphic to M . We also construct an infinite family of smooth 4-manifolds homemorphic but not diffemorphic to M .
Introduction
The existence of an exotic smooth structure on S 2 × S 2 and it's connected sums was proved recently by R. Fintushel, B. D. Park, and R. Stern in a remarkable paper [FPS] . Using Luttinger surgery techniques, they constructed infinitely many smooth 4-manifolds homeomorphic but not diffeomorphic to S 2 × S 2 and other small 4-manifolds.
In this short paper, we use the techniques and the constructions in [A1] , [A2] , [AP] and [ABP] to prove theorem below. The main tools used in our construction are the symplectic fiber sum operation [Go] and the symplectic cohomology S 2 × S 2 construction in [A1] . This paper is in a very preliminary version and we sincerely apologize to the reader for any incomplete portions of this paper. Theorem 1. Let M be S 2 × S 2 or more generally, (2n − 1) connected sums of S 2 × S 2 . There exists a smooth closed simply-connected minimal symplectic 4-manifold that is homeomorphic but not diffeomorphic to M . Also, there exists an infinite family of smooth closed simply-connected 4-manifolds that is homeomorphic but not diffeomorphic to M . This paper is organized as follows. Section 2 contains some definitions and formulas that will be important throughout this paper. Section 3 quickly reviews the 4-manifolds that will serve as the building blocks in our construction of an exotic S 2 × S 2 in Section 4 and an exotic # 2n−1 S 2 × S 2 in Section 5.
Generalized fiber sum
In this section, we present the basic notations and the definitions that will be used subsequently in this paper.
Definition 2. Let X and Y be closed oriented smooth 4-manifolds each containing a smoothly embedded surface Σ of genus g ≥ 1. Assume Σ represents a homology of infinite order and has self-intersection zero in X and Y , so that there exists a product tubular neighborhood, say νΣ ∼ = Σ × D 2 , in both X and Y . Using an orientation-reversing and fiber-preserving diffeomorphism ψ : Σ × S 1 → Σ × S 1 , we can glue X \ νΣ and Y \ νΣ along the boundary ∂(νΣ) ∼ = Σ × S 1 . The resulting closed oriented smooth 4-manifold, denoted X# ψ Y , is called a generalized fiber sum of X and Y along Σ.
Definition 3. Let e(X) and σ(X) denote the Euler characteristic and the signature of a closed oriented smooth 4-manifold X, respectively. We define
Lemma 4. Let X and Y be closed, oriented, smooth 4-manifolds containing an embedded surface Σ of self-intersection 0. Then
where g is the genus of the surface Σ.
Proof. The above formulas simply follow from the well-known formulas
If X and Y are symplectic 4-manifolds and Σ is a symplectic submanifold in both, then according to a theorem of Gompf [Go] , X# ψ Y admits a symplectic structure. In such a case, we will call X# ψ Y a symplectic sum.
Notice that for the simply-connected 4-manifolds # 2n−1 S 2 × S 2 , we have e = 4n, σ = 0, c 2 1 = 8n, and χ h = n.
Building blocks
3.1. First building block. We first review the main construction in [A1] . Let K denote a trefoil in S 3 . Let νK denote the tubular neighborhood of K in S 3 . It is well-known [BZ] that
and b and ab 2 ab −4 represent a meridian and a longitude of K, respectively. Notice that γ 1 = a −1 b and γ 2 = b −1 aba −1 generate the image of the fundamental group of the Seifert surface of K under the inclusion-induced homomorphism. Let M K denote the result of 0-surgery on K. Clearly, we have
Since K is a genus one fibered knot,
Lemma 5. Let C S be the complement of a neighborhood of a section in M K × S 1 . Then we have
Lemma 6. Let C F be the complement of a neighborhood of a fiber in M K × S 1 . Then we have
Proof. To compute the fundamental group of C F , we will use the following observation: C F is homotopy equivalent to a torus bundle over a wedge of two circles. Thus the generators d and y do not commute in the fundamental group of C F . Also, the monodromy along the circle y is trivial whereas the monodromy along the circle d is the same as the monodromy of M K . This implies that the fundamental group of C F has the presentation given above.
Lemma 7. Let Y K be the symplectic sum of two copies of M K × S 1 , identifying a section in one copy with a fiber in the other copy. If the gluing map ψ satisfies
. One circle factor of T 3 is identified with the longitude of K on one side and the meridian of the torus fiber in M K × S 1 on the other side. This gives the last relation.
Inside Y K , we can find a genus 2 symplectic submanifold Σ 2 which is the internal sum of a punctured fiber in C S and a punctured section in C F . The inclusioninduced homomorphism maps the standard generators of π 1 (Σ 2 ) to a
Lemma 8. There are nonnegative integers m and n such that
where the generators g 1 , . . . , g m and relators r 1 , . . . , r n all lie in the normal subgroup N generated by the element [x, b] , and the relator r n+1 is a word in x, a and elements
Proof. This follows from Van Kampen's Theorem.
is the boundary of a punctured section in C S \ ν(fiber), and is no longer trivial in π 1 (Y K \ νΣ 2 ). By setting [x, b] = 1, the relation r n+1 = 1 is to turn into [x, a] = 1. It remains to check that the relations in
By choosing a suitable point θ ∈ S 1 away from the image of the fiber that forms part of Σ 2 , we obtain an embedding of the knot complement (S 3 \ νK) × {θ} ֒→ C S \ ν(fiber). This means that aba = bab holds
there exists a parallel copy of Σ 2 outside νΣ 2 , wherein the identity ab 2 ab −4 = [d, y] still holds. The other remaining relations in π 1 (Y K ) are coming from the monodromy of the torus bundle over a torus. Since these relations will now describe the monodromy of the punctured torus bundle over a punctured torus, they hold true in π 1 (Y K \ νΣ 2 ).
3.2. Second building block. Let T 4 = T 2 × T 2 be the product of two torus, and a 1 , b 1 , c 1 and d 1 denote the standard generators of the π 1 (T ) = Z ⊕ Z ⊕ Z ⊕ Z. The volume forms on the tori a 1 × b 1 and c 1 × d 1 induces a symplectic form on
by first performing a Luttinger surgery (a 1 ×c 1 , a 1 , −1) followed by a Luttinger surgery (b 1 ×c 1 , b 1 , −1). We have the following presentation for the fundamental group of N L :
Notice that N L contains two symplectic tori T 1 = a 1 ×b 1 and T 2 = c 1 ×d 1 of zero self-intersection. Also, the inclusion-induced homomorphism maps the standard generators of π 1 (T 1 ) = Z ⊕ Z to a 1 and b 1 . It follows from the relations [
This simple observation will be important in our computation.
If the gluing map φ is given as follows:
This gives the last relation. The remaining relations comes from the existing relations in π 1 (C S ), π 1 (C T ) and an identification map φ * .
Using the relations a
in the fundamental group of Z K , we obtain the following identification of elements:
we can find a genus 2 symplectic submanifold Σ ′ 2 which is the internal sum of a punctured fiber in C S and a punctured torus in C T2 . The inclusioninduced homomorphism maps the standard generators of
3.3. Building blocks of an exotic # (2n−1) (S 2 × S 2 ) for n ≥ 2. In this section, we will modify the constructions above to get a similar family of symplectic 4-manifolds W K ′ and U K ′ corresponding to Y K and Z K . These 4-manifolds will serve as the building blocks in our construction of an exotic # (2n−1) (S 2 × S 2 ) for any n ≥ 2. For more details, we refer the reader to [A1] .
Let K ′ denote a genus n fibered knot in S 3 and m a meridional circle to K ′ . Again, let K denote the trefoil knot. We first perform 0-framed surgery on K ′ and denote the resulting 3-manifold by M K ′ . The 4-manifold M K ′ × S 1 is Σ n bundle over the torus and has same integral homology as T 2 × S 2 . Since K ′ is the genus n fibered knot, M K ′ × S 1 admits a symplectic structure. There is a torus section T m of this fibration, where T m = m × S 1 = m × y ′ . First homology of M K ′ × S 1 is generated by the standard first homology classes of this torus section. The standard first homology generators of the fiber F ′ = Σ n , which we denote as α 1 , β 1 , · · · , α n , and β n , of the given bundle is trivial in the homology. The smoothly embedded torus section T m has a self-intersection zero and the neighborhood of the torus T m in M K ′ × S 1 has a canonical identification with T m × D 2 . Next, we form a twisted fiber sum of the manifold M K × S 1 with M K ′ × S 1 . Using map ψ, we identify fiber F of the first fibration to the base of other. Let
It follows from Gompf's theorem [Go] that W K ′ is symplectic. Notice that H 2 (W K ′ ; Z) has a rank 4n − 2 and a signature σ(W K ′ ) = 0.
Let S = b × x be the section of the M K × S 1 and Σ n be the fiber of the M K ′ × S 1 . Then S#Σ n emmbeds in W K ′ and has self-intersection zero. Now suppose that W K ′ is the symplectic 4-manifold given, and Σ n+1 = S#Σ n is the genus n + 1 symplectic submanifold of self-intersection 0 sitting inside of W K ′ . The inclusion induced homomorphism maps the standard generators of π 1 (Σ n+1 ) to x, b, α 1 , β 1 , . . . , α n , and β n .
Similarly, the manifold U K ′ corresponding to Z K above, will be the fiber sum of the manifold M K ′ × S 1 with N L , where we identify torus section 
In this section, we construct a simply-connected, symplectic 4-manifold X K that is homeomorphic but not diffemorphic to S 2 × S 2 . Our building blocks will be the symplectic 4-manifold Y K with a genus two symplectic submanifold Σ 2 ⊂ Y K and the symplectic 4-manifold Z K with a genus two symplectic submanifold Σ ′ 2 ⊂ Z K from Section 3. Let X K denote the symplectic sum of Y K and Z K along Σ 2 and Σ ′ 2 , where the gluing map ψ identifies the generators as follows:
Proof. By Van Kampen's theorem, we have
Notice that π 1 (X K ) is normally generated by a, b, x, d, y; a ′ , c 1 , and d 1 .
The following relations hold in π 1 (X K ).
Using the above relations, the identification map ψ * and the fact that γ ′′ 1 = γ ′′ 2 = 1, we immediately obtain d = y = 1. This in turn implies that x = b = 1. The last equality and aba = bab implies a = 1. Notice that c 1 = γ 1 = a −1 b and
is normally generated by these elements, it follows that π 1 (X K ) is trivial. By Gompf's theorem in [Go] ,
[A1]) our results easily follow. Using Freedman's famous classification theorem for simply-connected 4-manifolds [Fr] , we conclude that X K is homeomorphic to S 2 ×S 2 . One quick way to show that X K is an exotic symplectic is to use the fact that it's canonical class pair positively with the symplectic form [LL] . However, for any symplectic form on S 2 × S 2 , its canonical class pairs negatively with the symplectic form. Thus we conclude that X K is not diffemorphic to S 2 × S 2 . We refer the reader to [ADK] and [FPS] for more details.
It follows from Usher's Theorem [Us] that the symplectic sum X K is a minimal symplectic 4-manifold. Since symplectic minimality implies smooth minimality [Li] , X K is also smoothly minimal.
To construct an infinite number of smooth structure, we use the nullhomologus Lagrangian torus Λ(x) = y × x = y × γ ′ 1 in X K . Note that Λ(x) lies in Y K \ νΣ 2 ⊂ X K . We perform −1/m surgery on Λ(x) with respect to x as defined in Section 5 of [FS1] . Let denote the resulting 4-manifold by X K (m). Applying same arguments as in Sections 4 and 5 of [FS1] , we conclude that Seiberg-Witten small perturbation invariants pairwise distinguishes the smooth manifolds X K (m).
Let us remark that a different fake S 2 × S 2 , X ′ K := Z K # ψ Z K can be obtained by taking symplectic fiber sum of two copies of Z K with an appropriate gluing map ψ. The fundamental group computation is easier than above case. It would be an interesting question whether these two symplectic manifolds X K and X ′ K are diffemorphic.
Construction of an exotic
In this section, we construct a simply-connected, symplectic 4-manifold V K ′ that is homeomorphic but not diffemorphic to # 2n−1 S 2 × S 2 for n ≥ 2. We will use the Seiberg-Witten invariant of V K ′ to distinguish it from # 2n−1 S 2 × S 2 . Our building blocks will be the symplectic 4-manifold W K ′ with a genus (n + 1) symplectic submanifold Σ n+1 ⊂ W K ′ and the symplectic 4-manifold U K ′ with a genus (n + 1) symplectic submanifold Σ
sum of W K ′ and U K ′ along Σ n+1 and Σ ′ n+1 , where the gluing map ψ identifies the generators as follows:
Using the above relations, the identification map ψ * and the fact that α
we immediately obtain x = b = 1. This in turn implies that α 1 = β 1 = · · · α n = β n = 1. Notice that c 1 = α n and d 1 = β n . Since π 1 (V K ′ ) is normally generated by these elements, it follows that π 1 (V K ′ ) is trivial. By Gompf's theorem [Go] , V K ′ := W K ′ # ψ U K ′ is symplectic. By Freedman's theorem [Fr] and the lemmas above, we deduce that V K ′ is homeomorphic to # 2n−1 S 2 × S 2 . It follows from Taubes's theorem [Ta] that SW V K ′ (K V K ′ ) = ±1, where K V K ′ is the canonical class of V K ′ . Next we apply the connected sum theorem [Wi] for the Seiberg-Witten invariant to deduce that the Seiberg-Witten invariant is trivial for # 2n−1 S 2 × S 2 for any n ≥ 2. Since the Seiberg-Witten invariant is a diffeomorphism invariant, we conclude that V K ′ is not diffeomorphic to # 2n−1 S 2 × S 2 . Also, it follows from Usher's Theorem [Us] that V K ′ is a minimal symplectic 4-manifold. Since symplectic minimality implies smooth minimality [Li] , V K ′ is also smoothly minimal. Similarly, using argument as above will give infinitely many smooth structures on # 2n−1 S 2 × S 2 . Alternatively, we can construct an exotic smooth structure on # 2n−1 S 2 × S 2 simply by taking the fiber sum of n−1 copies of Y K with X K along a genus 2 surface. Again, using same argument as above, we distinguish it from # 2n−1 S 2 × S 2 .
